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Abstract
We study the excitations of a massive Schwarzschild black hole of mass M resulting
from the capture of infalling matter described by a massless scalar field. The near-horizon
dynamics of this system is governed by a Hamiltonian which is related to the Virasoro
algebra and admits a one-parameter family of self-adjoint extensions described by a pa-
rameter z ∈ R. The density of states of the black hole can be expressed equivalently
in terms of z or M , leading to a consistent relation between these two parameters. The
corresponding black hole entropy is obtained as S = S(0) − 32 logS(0) + C, where S(0) is
the Bekenstein-Hawking entropy, C is a constant with other subleading corrections ex-
ponentially suppressed. The appearance of this precise form for the black hole entropy
within our formalism, which is expected on general grounds in any conformal field the-
oretic description, provides strong evidence for the near-horizon conformal structure in
this system.
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1. Introduction
The notion of the existence of a conformal field theory in the near-horizon region of a black
hole has recently led to interesting developments in quantum gravity [1, 2, 3, 4]. By imposing
a suitable boundary condition at the horizon, it has been shown that the algebra of surface
deformations contains a Virasoro subalgebra. This approach is based on extension of the idea of
Brown and Henneaux [5] regarding asymptotic symmetries of three-dimensional anti-de-Sitter
gravity.
In a previous paper [6] we proposed a novel algebraic approach for analyzing the near horizon
conformal structure of a Schwarzschild black hole. Our method uses the time independent
modes of a scalar field to probe the near-horizon geometry. The dynamics of the scalar field in
the near-horizon region is described by a static Klein-Gordon (KG) operator. This operator,
which is the Hamiltonian for the system, belongs to the representation space of the Virasoro
algebra with central charge c = 1. In the quantum theory, it admits a one-parameter family
of self-adjoint extensions labelled by eiz where z is a real number. For a generic value of z,
the system admits an infinite number of bound states. When z is positive and satisfies the
consistency condition z ∼ 0, the bound states exhibit a scaling behaviour in the near-horizon
region of the black hole. This property of the bound states reflects the existence of an underlying
conformal structure in the near-horizon region.
In this Letter we provide further evidence for the existence of a near-horizon conformal
structure of a Schwarzschild black hole. Our analysis is based on the identification of the
bound states described above with the quantum excitations of the black hole resulting from the
capture of the scalar field probe. These excitations will eventually decay through the emission
of Hawking radiation. While the time-independent modes of the scalar field cannot describe
the actual decay process, they do carry information about the static thermal properties of the
system. Within our formalism, any such information must be obtained from the properties
of the associated Hamiltonian. The spectrum of the Hamiltonian is determined by boundary
conditions which are encoded in the choice of the corresponding domain. Since the self-adjoint
parameter z labels the domains of the Hamiltonian, it is therefore directly related to the bound-
ary conditions. At an operator level, the properties of the Hamiltonian are thus determined by
the parameter z. On the other hand, the only physical input in the problem is the mass M
of the black hole which must also play a role in determining the spectrum. The parameters z
and M thus play a conceptually similar role and they are likely to be related to each other.
Establishing a relation between z andM , which is consistent with the constraints of our model,
is the first step in this approach.
The relationship between z andM naturally leads to the identification of black hole entropy
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within this formalism. The density of states of a black hole is usually a function of the mass
M [7]. On the other hand, the density of states in our algebraic formalism has a smooth
expression in terms of the self-adjoint parameter z. In view of the relation between z and M ,
the density of states written as a function of z can be reexpressed in terms of the variable M .
This process leads to the identification of the black hole entropy consistent with the constraints
of the model. The entropy so obtained is given by the Bekenstein-Hawking term together
with a leading logarithmic correction whose coefficient is −3
2
. The other subleading corrections
terms are found to be exponentially suppressed. Such a logarithmic correction term to the
Bekenstein-Hawking entropy with a −3
2
coefficient was first found in the quantum geometry
formalism [8] and has subsequently appeared in several other publications [9, 10, 11, 12, 13]. In
particular, using an exact convergent expansion for the partition of a number due to Rademacher
[14], rather than the asymptotic formula due to Hardy and Ramanujan [15], it was shown in
Ref. [12] that within any conformal field theoretic description, the black hole entropy can
be expressed in an exact and convergent series where the leading logarithmic correction to
Bekenstein-Hawking term always appears with a universal coefficient of −3
2
with the other
subleading terms exponentially suppressed. Here we show that the entropy of the Schwarzschild
black hole contains correction terms precisely of this structure, which provides a strong evidence
for the underlying near-horizon conformal structure of the system.
The organization of this paper is as follows. In Section 2 we briefly describe the near-
horizon quantization indicating how the self-adjoint parameter z appears. Section 3 provides
the identification between z and M leading to the expression of the black hole entropy within
this formalism. We conclude the paper in Section 4 with a discussion of the main results.
2. Near-horizon Quantization
The Klein-Gordon (KG) operator for the time-independent modes of a scalar field in the
background of a Schwarzschild black hole of mass M is given by [16]
H = − d
2
dx2
− 1
4x2
, (2.1)
where x = r − 2M is the near horizon coordinate and r is the radial variable. In what follows
we shall assume that the black hole is massive, i.e. M is large. The scalar field ψ in this
background obeys the eigenvalue equation
Hψ = Eψ, (2.2)
where ψ ∈ L2[R+, dr]. Eqn. (2.1) is an example of an unbounded linear operator on a Hilbert
space. Below we shall first summarize some basic properties of these operators which would be
useful for our analysis.
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Let T be an unbounded differential operator acting on a Hilbert space H and let (γ, δ)
denote the inner product of the elements γ, δ ∈ H. By the Hellinger-Toeplitz theorem [17], T
has a well defined action only on a dense subset D(T ) of the Hilbert space H. D(T ) is known
as the domain of the operator T . Let D(T ∗) be the set of φ ∈ H for which there is a unique
η ∈ H with (Tξ, φ) = (ξ, η) ∀ ξ ∈ D(T ). For each such φ ∈ D(T ∗) we define T ∗φ = η. T ∗ is
called the adjoint of the operator T and D(T ∗) is the corresponding domain of the adjoint.
The operator T is called symmetric or Hermitian if T ⊂ T ∗, i.e. if D(T ) ⊂ D(T ∗) and
Tφ = T ∗φ ∀ φ ∈ D(T ). Equivalently, T is symmetric iff (Tφ, η) = (φ, Tη) ∀ φ, η ∈ D(T ). The
operator T is called self-adjoint iff T = T ∗ and D(T ) = D(T ∗).
We now state the criterion to determine if a symmetric operator T is self-adjoint. For this
purpose let us define the deficiency subspaces K± ≡ Ker(i ∓ T ∗) and the deficiency indices
n±(T ) ≡ dim[K±]. T is (essentially) self-adjoint iff (n+, n−) = (0, 0). T has self-adjoint
extensions iff n+ = n−. There is a one-to-one correspondence between self-adjoint extensions
of T and unitary maps from K+ into K−. Finally if n+ 6= n−, then T has no self-adjoint
extensions.
We now return to the discussion of the operator H . On a domain D(H) ≡ {φ(0) = φ′(0) =
0, φ, φ′ absolutely continuous}, H is a symmetric operator with deficiency indices (1,1). The
corresponding deficiency subspaces K± are 1-dimensional and are spanned by
φ+(r) = r
1
2H
(1)
0 (re
i
pi
4 ), (2.3)
φ−(r) = r
1
2H
(2)
0 (re
−ipi
4 ) (2.4)
respectively, where H
(1)
0 and H
(2)
0 are Hankel functions. The operator H is not self-adjoint on
D(H) but admits a one-parameter family of self-adjoint extensions. The are labelled by unitary
maps from K+ into K−. The self-adjoint extensions of H are thus labelled by eiz where z ∈ R.
Each value of the parameter z defines a domain Dz(H) on which H is self-adjoint and thus
corresponds to a particular choice of boundary condition.
The normalized bound state eigenfunctions and eigenvalues of Eqn. (2.1) are given by
ψn(x) =
√
2EnxK0
(√
Enx
)
(2.5)
and
En = −En = −exp
[
pi
2
(1− 8n)cotz
2
]
(2.6)
respectively, where n is an integer and K0 is the modified Bessel function [18, 16]. Thus for
each value of z, the operator H admits an infinite number of negative energy solutions. In our
formalism, these solutions are interpreted as bound state excitations of the black hole due to
the capture of the scalar field. As is obvious from Eqns. (2.5) and (2.6), different choices of z
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leads to inequivalent quantization of the system. The physics of the system is thus encoded in
the choice of the parameter z.
The self-adjoint parameter z so far has been kept arbitrary. The requirement of near-horizon
conformal symmetry places important constraint on z [6]. To see this, consider a band-like
region ∆ = [x0− δ/
√
E0, x0+ δ/
√
E0], where x0 ∼ 1√E0 and δ ∼ 0 is real and positive. For ∆ to
belong near the horizon of the black hole, z must be positive and satisfy the condition z ∼ 0.
When this condition is fulfilled, at any point x ∈ ∆ the leading behaviour of the bound state
wavefunction is given by
ψn =
√
2Enx
(
A+ 2pin cot
z
2
)
, (2.7)
where A = ln 2 − γ and γ is Euler’s constant. From Eqn. (2.7) we see that the bound state
wavefunction exhibits a scaling behaviour near the black hole horizon which is a reflection of
the underlying conformal structure in the quantum theory. It is important to note that the
consistency condition on z plays a crucial role in obtaining this result.
3. Density of States and Entropy
In the analysis presented above, the information about the spectrum of the Hamiltonian in
the Schwarzschild background is coded in the parameter z. The wavefunctions and the energies
of the bound states depends smoothly on z. Thus, within the near-horizon region ∆, we propose
to identify
ρ˜(z) ≡
∞∑
n=0
|ψn(z)|2 (3.1)
as the density of states for this system written in terms of the variable z. ρ˜(z)dz counts the
number of states when the self-adjoint parameter lies between z and z + dz. As mentioned
before, within the region ∆ z is positive and satisfies the consistency condition z ∼ 0 [6].
From Eqns. (2.6) and (2.7) we therefore see that the term with n = 0 provides the dominant
contribution to the sum in Eqn. (3.1). The contribution of the terms with n 6= 0 to the sum in
Eqn. (3.1) is exponentially small for large cot z
2
. Physically this implies that the capture of the
minimal probe excites only the lowest energy state in the near-horizon region of the massive
black hole. The density of energy states of the black hole in the region ∆ can therefore be
written as
ρ˜(z) ≈ |ψ0|2 = 2A2 epi4 cot z2 . (3.2)
As mentioned before, within the region ∆, cot z
2
is a large and positive number. We thus find
that the density of states of a massive black hole is very large in the near-horizon region.
In order to proceed, we shall first provide a physical interpretation of the self-adjoint param-
eter z using the Bekenstein-Hawking entropy formula. To this end, recall that in our formalism,
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the capture of the scalar field probe gives rise to the excitations of the black hole which sub-
sequently decay by emitting Hawking radiation. A method of deriving density of states and
entropy for a black hole in a similar physical setting using quantum mechanical scattering theory
has been suggested by ’t Hooft [7]. This simple and robust derivation uses the black hole mass
and the Hawking temperature as the only physical inputs and is independent of the microscopic
details of the system. The interaction of infalling matter with the black hole is assumed to be
described by Schrodinger’s equation and the relevant emission and absorption cross sections are
calculated using Fermi’s Golden Rule. Finally, time reversal invariance (which is equivalent to
CPT invariance in this case) is used to relate the emission and absorption cross sections. The
density of states for a massive black hole of mass M obtained from this scattering calculation
is given by
ρ(M) = e4piM
2+C′ = eS, (3.3)
where C ′ is a constant and S is the black hole entropy. It may be noted that for the purpose
of deriving Eqn. (3.3) the infalling matter was described as particles. However, the above
derivation of the density of states is independent of the microscopic details and is valid for a
general class of infalling matter.
We are now ready to provide a physical interpretation of the parameter z. First note that the
density of states calculated in Eqns. (3.2) and (3.3) correspond to the same physical situation
described in terms of different variables. In our picture, the near horizon dynamics of the scalar
field probe contains information regarding the black hole background through the self-adjoint
parameter z. The same information in the formalism of ’t Hooft is contained in the black hole
mass M . It is thus meaningful to relate the density of states in our framework (cf. Eqn. 3.2)
to that given by Eqn. (3.3). If these expression describe the same physical situation, we are
led to the identification
pi
4
cot
z
2
= 4piM2. (3.4)
Note that the analysis presented here is valid only for massive black holes. We have also seen
that in the near-horizon region z must be positive and obey a consistency condition such that
that cot z
2
is large positive number. Thus the relation between z and M given by Eqn. (3.4) is
consistent with the constraints of our formalism. We therefore conclude that the self-adjoint
parameter z has a physical interpretation in terms of the mass of the black hole.
As stated above, the density of states of the black hole can be expressed either in terms of
the variable z or in terms of M . In view of the relation between z and M , we can write
ρ˜(z)dz ∼ |J |ρ(M)dM, (3.5)
where J = dz
dM
is the Jacobian of the transformation from the variable z to M . When z ∼ 0,
using Eqns. (3.3) and (3.4) we get
ρ˜(z)dz ∼ e4piM2 1
M3
dM ∼ e4piM2− 32 lnM2dM. (3.6)
The presence of the logarithmic correction term in the above equation is thus due to the effect
of the Jacobian.
Finally, the entropy for the Schwarzschild black hole obtained from Eqn. (3.6) can be
written as
S = S(0)− 3
2
lnS(0) + C, (3.7)
where S(0) = 4piM2 is the Bekenstein-Hawking entropy and C is a constant. Thus the leading
correction to the Bekenstein-Hawking entropy is provided by the logarithmic term in Eqn. (3.7)
with a coefficient of −3
2
. The subleading corrections to the entropy coming from the n 6= 0 terms
of Eqn. (3.1) are exponentially suppressed. As stated before, this is precisely the structure
associated with the expression of black hole entropy whenever the same is calculated within
a conformal field theoretic formalism [12]. We are thus led to conclude that the expression of
the black hole entropy obtained in our formalism provides a strong indication of the underlying
near horizon-conformal structure present in the system.
4. Conclusion
In this Letter we have extended the analysis based on the algebraic formalism developed in
Ref. [6] to provide further evidence for the near-horizon conformal structure of a Schwarzschild
black hole. Earlier, time independent modes of a scalar field have been used to probe the near-
horizon geometry of the black hole. The near-horizon dynamics was described by a Hamiltonian
that belongs to the representation space of the Virasoro algebra, which for the Schwarzschild
background has a central charge c = 1 [6].3 In the quantum theory, this Hamiltonian admits a
one-parameter family of self-adjoint extensions giving rise to bound states in the corresponding
spectrum. When z is positive and satisfies the consistency condition z ∼ 0, the bound states
exhibit a scaling behaviour in the near-horizon region of the black hole.
In order to investigate this idea further, we first observe that the self-adjoint parameter
z describes the domain of the Hamiltonian and directly determines the spectrum within this
formalism. On the other hand, the black hole mass M must also play a role in determining the
spectrum. These two parameters thus play a conceptually similar role and it is expected that
they will be related.
The next step of our analysis was based on the identification of these bound states with
the excitations of the black hole resulting from the capture of the scalar field probe. These
excitation would eventually decay through the emission of Hawking radiation. This process
is described by quantum mechanical scattering theory in terms of the density of states of the
3It may be noted that the representation space for the c = 1 conformal field theory obtained in Ref. [6] is
spanned by tensor densities of weight 1
2
, i.e. spin 1
2
[19].
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black hole which is a function of the variable M [7]. On the other hand, the density of states
following from our formalism is a smooth function of z. Identifying these two expressions of
the density of states leads to a quantitative relation between z and M which is consistent with
the constraints of the system. Such a relation also provides a physical interpretation of the
self-adjoint parameter in terms of the mass of the black hole.
The relation between z and M naturally leads to the identification of black hole entropy
within this formalism. The entropy thus obtained contains the usual Bekenstein-Hawking term
together with a leading logarithmic correction which has −3
2
as the coefficient. Moreover,
the subleading non-constant corrections are shown to be exponentially suppressed. It has
been observed that the expression for the black hole entropy is expected to have precisely
this structure whenever it is calculated within the conformal field theoretic formalism [12] and
possibly even for the non-unitary case [20]. Thus the expression that we obtain for the black
hole entropy provides strong support to the hypothesis of an underlying conformal structure in
the near-horizon region of the Schwarzschild black hole.
Finally we would like to mention that the Hamiltonian appearing in Eqn. (2.1) can be used
to describe the near-horizon dynamics in other black hole backgrounds with different coefficient
of the inverse-square term [16]. It is thus plausible that the method developed in this Letter
can be used to analyze the entropy for other black holes as well.
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